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1

Introduction

The class of impulse response functions of linear dynamical systems with
constant coefficients, both in discrete and continuous time, plays an important role in systems and control theory. In various rather different areas
of mathematical modelling, including financial mathematics and probability
theory the same class of functions appears. In financial mathematics for
instance as forward rate curves in interest rate models (such as the NelsonSiegel [17] and Svensson [18] curves; see e.g. [12], [13],[14], [16], [15]), and in
probability theory as probability density functions (such as the phase-type,
matrix geometric and matrix exponential probability density functions; for
phase-type distributions see for instance [7], [4],[5], [6]; for matrix geometric
and matrix exponential distributions see for instance [20], [9]; see also [19] for
an application in chemistry). When such functions are used as probability
density functions then they obviously have to be non-negative, and they have
to sum or integrate to one. In interest rate theory one also would like these
functions to be non-negative (to avoid negative interest rates). In systems
and control theory the same non-negative restriction appears when so-called
externally non-negative systems are considered (see for instance [2]). In quite
a number of these cases there is an interesting link with what is called ”positive (or non-negative) state-space realization” in systems theory; in probability theory there is an analogue of a positive or non-negative realization in
the form of a Markov chain model underlying the probability density function (which then has the interpretation of the probability density function of
a first exit time). However it is well-known (see [2]) that the class of systems
with non-negative finite dimensional realization is strictly smaller than the
class of systems with non-negative response function. For instance the subclass of non-negative trigonometric polynomials (to beP
precise: non-negative
functions of the form f : [0, ∞) → R, f (x) = γ + Jj=1 αj cos(ωj x + θj )
with J ≥ 1, real γ, real and positive αj > 0, j = 1, 2, . . . , J, real positive and distinct ω1 > ω2 > . . . > ωJ > 0 and real θj , j = 1, 2, . . . , J,)
does not allow for a (”continuous time”) non-negative realization. For any
non-negative impulse response function for which a non-negative realization
exists [2] show that the set of poles of the transfer function (which coincides
with the spectrum of the dynamic matrix in a minimal realization) must
contain a ”non-negative real dominant pole” corresponding to the PerronFrobenius eigenvalue of some non-negative realization. (A similar result
has been shown by [4] in the context of phase-type distributions). This
”non-negative real dominant pole” is a pole which has modulus at least as
large as the modulus of the other poles (hence ”dominant”) and is real; in
the discrete time case it is also non-negative. A natural question to ask is
whether such a dominant real pole exists as well in the case of non-negative
impulse response functions which do not allow non-negative realization. In
the literature it has been stated at several places that this must indeed be
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the case, such as in [8], and [9]. However, in the first case no proof has
been provided, in the second case the proof provided is incorrect (it uses
an incorrect argument regarding application of the fact that the rational
complex numbers lie dense in the set of complex numbers). The aim of this
paper is to first give a short and correct proof for the discrete time case
and then derive a proof for the continuous time case from that. The proof
is based on the classical Pringsheim theorem from complex function theory.
Also some consequences and generalizations of the result will be discussed.
We will also show that the existence of a dominant non-negative (”PerronFrobenius”) eigenvalue for any non-negative matrix follows as a corollary to
our result. Here we touch on work by Friedland [3] who has given a proof
of the Perron-Frobenius theorem based on Pringsheim’s theorem.

2

The discrete time case.

As should be clear from the introduction the mathematical result presented
here can be applied to different areas of mathematical modelling. These
different applications each require a different terminology. Here we choose
to use the terminology that corresponds to the impulse response function
interpretation. In this section we consider the discrete-time case. In the
probability theory application one would speak of the discrete probability
case (compare e.g. [20]).
Consider a sequence of non-negative real numbers {hk }∞
k=1 for which any
of the following three equivalent conditions hold:
P
−k is, for |w| > K for
(i) the corresponding transfer function ∞
k=1 hk w
some sufficiently large real K, a rational function G(w) = p(w)
q(w) where
w is a complex variable, p(w), q(w) are co-prime polynomials with real
coefficients and the degree of p(w) is less than the degree n (say) of
q(w); we will assume q to be monic without loss of generality
(ii) there exists a minimal realization (A, b, c), where A is an n × n matrix,
c an 1 × n row vector and b and n × 1 column vector, such that hk =
cAk−1 b, k = 1, 2, . . . (as is well-known, if a complex minimal realization
of a real sequence {hk }∞
k=1 exists then a real minimal realization of the
same order exists as well)
(iii) the Hankel matrix (Hij )i=1,2,...,N,j=1,2,...,N with Hij = hi+j−1 , i =
1, 2, . . . , N, j = 1, 2, . . . , N has finite rank n for all N ≥ n.
The equivalence of the three conditions is well-known and well-documented
in the literature on linear systems theory (see e.g. [11], the equivalence of
(i) and (iii) is known as Kronecker’s theorem; the equivalence of (iii) and (ii)
follows from the Ho-Kalman realization algorithm). We will speak of the
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sequence {hk }∞
k=1 as the impulse response function of the finite dimensional
state space system
ξk = Aξk−1 + bνk ,

ηk = cξk , k = 1, 2, 3, . . .

(1)

−1
It is also well-known that if (i),(ii),(iii) hold, then p(w)
q(w) = c(wI − A) b and
the spectrum (collection of eigenvalues) σ(A) is equal to the collection of
zeros of q which is the collection of poles of the transfer function G(w) of
the system (see e.g. [11]). Obviously these poles (eigenvalues) can both be
real or complex numbers.
We can now formulate our first main theorem.

Theorem 2.1 Let {hk }∞
k=1 be a non-negative sequence, but not identically
zero, that has the interpretation of an impulse response function of a minimal discrete time finite dimensional state space system (A, b, c). Then σ(A)
contains a real non-negative element λM equal to λM = maxλ∈σ(A) |λ|.
Proof: Consider the function f (z) = c(I −zA)−1 b. This is equal to

1
1 p( z )
z q( 1 )
z

for

every z ∈ C for which both functions are defined. It follows that the points
of singularity of f (z) (in the terminology used for meromorphic functions,
which includes rational functions) are equal to the reciprocals of the nonzero elements in the spectrum σ(A), or in other words the reciprocals of the
non-zero poles of the system. Because f (0) = cb is well-defined and f is
rational, f has a power series expansion around z = 0. It is equal to
f (z) =

∞
X
k=0

cAk bz k =

∞
X

hk+1 z k , |z| < ρ,

k=0

where ρ > 0 is the radius of convergence of the power series. Note that
because f is a rational function, the only singularities of f in C are the
poles of f which are the reciprocals of the non-zero poles of the system.
Of course on the disc D(0, ρ) = {z|z ∈ C, |z| < ρ} the function f is welldefined and has no singularities. Note that the coefficients hk+1 of the power
series of f around z = 0 are non-negative. It now follows from the classical
Pringsheim theorem (see e.g. [21], p.215) that if the radius of convergence ρ
is finite, then ρ ∈ R>0 is itself a point of singularity of the function, hence a
pole. Let λM := ρ1 if ρ is finite and λM := 0 if ρ = ∞. It follows easily, both
if ρ < ∞ and if ρ = ∞, that λM is a pole of the system, so λM ∈ σ(A); and
that |λ| ≤ |λM | for each pole λ of the system (so for each λ ∈ σ(A).)
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The continuous time case

Consider the class of functions g : [0, ∞) → R that can be represented (or
”realized”) as g(x) = c1 eA1 x b1 , where A1 is a real n1 × n1 matrix, b1 an
5

n1 × 1 real column vector and c1 an 1 × n1 real row vector. As is well-known
g is in this class if and only if it can be written as
K
X
g(x) = Re(
pk (x)eλk x )
k=1

where Re denotes the operator that gives the real part of a complex number,
K is an integer, and pk is a complex valued polynomial and λk a complex
number, for each k = 1, 2, . . . , K. Note that this includes the trigonometric
polynomials, as one can choose λk to be purely imaginary. (For instance,
choosing K = 1, p1 (x) ≡ 1, λ1 = i one obtains g(x) = cos(x)). Obviously
the class contains the class of polynomial functions (including the constant
functions), and the class of real exponential functions (i.e. functions of the
form erx for some real number r.) Furthermore this class of functions is
a ring, as with any pair g1, g2 that it contains, it also contains the product g1 g2 as well as the sum g1 + g2 . The functions from this class play an
important role in the mathematical sciences. The class goes under a variety of different names in the literature, such as quasi-exponential functions,
matrix exponential functions, EPT (exponential-polynomial-trigonometric)
functions. In the systems and control literature they have been known as
”Bohl functions” in the past but unfortunately without any apparent good
reason and this terminology is now fading out. We think it would be appropriate to call this class the class of d’Alembert functions as the class
emerged historically for the first time in the studies of d’Alembert as the
class of solutions of linear differential equations with constant coefficients.
Here we will use the more conventional name of EPT class. We have the
following well-known characterization: the function g : [0, ∞) → R is EPT
if and only if any of the following conditions hold:
R∞
(i) The integral τ =0 g(τ )e−sτ dτ converges for all s in (at least) some nonempty open subset of the set of complex numbers and the (”continuous
time”) transfer function
Z ∞
G(s) :=
g(τ )e−sτ dτ
τ =0

is a rational function G(s) = p(s)
q(s) with p, q polynomials, where we
suppose p and q have been taken to be co-prime and q monic. This
rational function will then necessarily be strictly proper, i.e. the degree
of p is less than the degree n, say, of q.
(ii) There exists a minimal realization (A, b, c), where A is n × n, b is n × 1
and c is 1 × n, such that g(s) = ceAs b. (Just as in the discrete-time
case if a complex minimal realization of order n exists, then also a real
minimal realization of order n exists).
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(iii) Let hk = g (k−1) (0), k = 1, 2, . . . denote the sequence of values at zero
of the higher order derivatives of g and consider the corresponding
N × N Hankel matrix H = (Hij )i=1,2,...,N,j=1,2,...,N with entries Hij =
hi+j−1 , i = 1, 2, . . . , N, j = 1, 2, . . . , N. There exist a non-negative
integer n such that the Hankel matrix H has rank n for all N ≥ n.
As is well-known and easy to show the transfer function of g(x) = ceAx b is
equal to G(s) = c(sI −A)−1 b. As before, the poles of the transfer function are
equal to the set of eigenvalues σ(A) of A if (A, b, c) is a minimal realization.
(cf. [11]). We can now formulate the second main theorem:
Theorem 3.1 Consider an EPT function g : [0, ∞) → R with a minimal
realization (A, b, c) such that g(x) = ceAx b. Suppose that g is non-negative,
i.e. g(x) ≥ 0, for all x ≥ 0, but that g is not identically zero. Then λM :=
maxλ∈σ(A) Re(λ) is an element of the spectrum of A.
Remark: Note that λM can be positive, zero or negative. Under the conditions stated, the theorem asserts that the spectrum of A − λM I lies in the
closed left half plane of C and contains 0.
Proof: Use will be made of the corresponding result in the discrete time
case (see previous section). Consider the following integrals:
Z ∞
xk e−rx ceAx bdx = k!c[(rI − A)−1 ]k+1 b
x=0

for k = 0, 1, 2, . . . and for r ∈ R larger than λM where λM (as defined in
the theorem) is the smallest real number for which σ(A − λM I) lies in the
closed left half plane. Note that it follows immediately that if g(x) is nonnegative, then for each r > λM the sequence c[(rI − A)−1 ]k b, k = 1, 2, . . . is
non-negative (because the integrand is non-negative, and integrable, in that
case). Let µ denote the largest real element in σ(A). We want to show that µ
coincides with λM . We will do that by refuting the possibility that µ < λM .
Therefore assume µ < λM . It follows that there exists a complex number
λM + iy, y 6= 0 in the spectrum σ(A) of A. It is not hard to show that for all
2
1
1
r > r0 := 21 (λM +µ+ λMy −µ ) one has r−µ
< | r−(λM
+iy) |. Therefore for r > r0
the discrete time system with (minimal!) realization ((rI − A)−1 , b, c) has
1
non-negative impulse response sequence, however with largest real pole r−µ
1
smaller than the modulus of the complex pole r−(λM
+iy) . This contradicts
theorem (2.1). As λM ≥ µ by definition, it follows that equality λM = µ
must hold.

Remark: This theorem can also be derived from a general result in probability theory for probability density functions that have analytic characteristic functions, which can be found in [25].
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Some consequences and generalizations

Here we list a number of consequences and generalizations of the main results.
(i) If one replaces the requirement that the impulse response be nonnegative by the less stringent requirement that the impulse response
function be non-negative eventually, then the conclusion remains unchanged. In the case of discrete time systems this follows from the fact
that the Pringsheim theorem also holds if the coefficients in the power
series involved are non-negative eventually, i.e. from a certain point
in the coefficient sequence onwards. For the continuous time case one
can argue as follows: if the EPT function satisfies g(x) ≥ 0 for all
x ≥ x0 for some x0 > 0, then one can consider the shifted version
k(x) = g(x + x0 ). Using a realization (A, b, c) of g(x), it follows that
k(x) = ceAx0 eAx b, so (A, b, ceAx0 ) is a realization for h. Because eAx0
is a non-singular matrix (with inverse e−Ax0 ) (A, b, c) is minimal if
and only if (A, b, ceAx0 ) is minimal (the observability matrices of both
realizations have the same rank, while the reachability matrices are
identical). As h satisfies the conditions of the theorem in the previous
section, it follows that σ(A) must have a dominant real pole.
(ii) If one replaces, in the discrete time case, the requirement that the
elements of the sequence {hk } have to be non-negative, by the requirement that they can be complex but have to have non-negative
real parts, while for all non-zero elements, the absolute value of the
complex arguments have to be uniformly bounded by a number θ less
than π2 , (i.e. there exist real numbers rk , νk such that hk = erk +iνk ,
with νk < θ, for all k for which hk 6= 0) then the conclusion is still
that the system has a dominant real positive pole. Cf [24].
(iii) It may be of interest to note that using the theorem we can derive that any non-negative matrix must have a dominant real nonnegative eigenvalue. This can be seen as follows. Let P denote an
n × n matrix with only non-negative entries. Then the sequence
hk = Tr(P k−1 ), k = 1, 2, . . . is obviously non-negative. The transfer function of this sequence is
∞
X
k=1

hk z

−k

= Tr

∞
X

(P z

−1 k−1

)

.z

−1

−1

= Tr(zI − P )

=

m
X
j=1

k=1

µj
,
z − λj

where λj , j = 1, 2, . . . , m denote the distinct eigenvalues of P and
µj ≥ 1 the algebraic multiplicity of eigenvalue λj , j = 1, 2, . . . , m. So
P
m
j=1 µj = n. It follows that the set of m poles of the transfer function
of the sequence coincides with the set of m distinct eigenvalues of P .
8

Theorem (2.1) now implies that P must have a dominant real positive
eigenvalue, which is a classical result of Perron-Frobenius. (Note that
ideas similar to this remark can be found in [3]).
(iv) Theorem (2.1) can also be applied to the well-known GARCH models
in time-series econometrics. An essential part of such models is described by a linear dynamical models which has non-negative inputs,
namely the square of the previous innovations of the time series, and
non-negative outputs, namely the variance of the present innovations
of the time series (see e.g. [22]). Therefore such linear dynamical models which form the key to describing (univariate) GARCH models and
which are in discrete-time, must have a non-negative impulse response
sequence. This puts restrictions on the admissible parameter values
in GARCH models and Theorem (2.1) implies that a GARCH model
must have a dominant real non-negative pole! In the paper [1] the set
of admissible parameter values for GARCH models is investigated and
the results (cf. Theorems 1 and 2 in that paper) imply the existence
of a dominant real non-negative pole (in our terminology–note that [1]
works with ”roots” which are the reciprocals of our ”poles”) in case
the order of the system is 1 or 2.
(v) Obviously the necessary condition for non-negative impulse response
functions of finite dimensional linear dynamical systems that is presented here is not (and far from) sufficient. In separate work we intend
to present further investigations into necessary and into sufficient conditions. How to analyze non-negativity of such functions on a finite
interval is treated in [23].
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